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Abstract Energy-dependent patterns in the arrival direc-
tions of cosmic rays are searched for using data of the Pierre
Auger Observatory. We investigate local regions around the
highest-energy cosmic rays with E ≥ 6×1019 eV by analyz-
ing cosmic rays with energies above E ≥ 5×1018 eV arriving
within an angular separation of approximately 15◦. We char-
acterize the energy distributions inside these regions by two
independent methods, one searching for angular dependence
of energy-energy correlations and one searching for colli-
mation of energy along the local system of principal axes
of the energy distribution. No significant patterns are found
with this analysis. The comparison of these measurements
with astrophysical scenarios can therefore be used to obtain
constraints on related model parameters such as strength of
cosmic-ray deflection and density of point sources.
1 Introduction
The long-standing question about the origin and nature of
the ultra-high energy cosmic rays (UHECRs) is yet unan-
swered. Presumably, UHECRs are charged nuclei of extra-
galactic origin. They are deflected in extragalactic magnetic
fields and the magnetic field of the Milky Way such that their
arrival directions may not point back to their sources [1].
The structure, strength, and origin of these cosmic magnetic
fields are open questions in astrophysics as well [2,3]. Con-
sequently, UHECRs can also be considered to be probes of
the magnetic fields they traverse [4,5] as the deflections lead
to energy-dependent patterns in their arrival directions, and
an analysis of such patterns may allow for conclusions on the
strength and structure of the fields.
The Pierre Auger Observatory [6,7] is currently the largest
experiment dedicated to observations of UHECRs. In 2007,
we reported evidence for a correlation of events with ener-
gies above 60 EeV (1 EeV = 1018 eV) with the distribu-
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tion of nearby extragalactic matter [8,9]. An update of the
analysis yielded a correlation strength which is reduced com-
pared to the initial result [10]. Further searches for anisotropy
using variants of autocorrelation functions [11] yielded no
statistically-significant deviation from isotropic scenarios.
Following this observation, constraints on the density of point
sources and magnetic fields have been reported [12]. Also
a direct search for magnetically-induced alignment in the
arrival directions of cosmic rays assuming they were protons
has been performed without uncovering so-called multiplet
structures beyond isotropic expectations [13].
Nevertheless, if the highest-energy cosmic rays with E >
60 EeV are tracers of their sources and even if their deflection
in magnetic fields is dependent on their nuclear charges, some
of the lower-energy cosmic rays in a region around them may
be of the same origin. From deflections both in extragalactic
magnetic fields and the magnetic field of the Milky Way, their
distribution of arrival directions may show energy-dependent
patterns. In particular a circular ‘blurring’ of the sources is
expected from deflection in turbulent magnetic fields, while
energy dependent linear structures are expected from deflec-
tion in coherent magnetic fields.
In this report, we investigate the local regions around cos-
mic rays with E ≥ 60 EeV by analyzing cosmic rays with
energies above E = 5 EeV arriving within an angular sepa-
ration of 0.25 rad. The lower energy cut just above the ankle
is motivated by the assumption that the selected cosmic rays
are predominantly of extragalactic origin. The angular sep-
aration cut has been optimized from simulation studies and
will be explained below.
We use two methods to characterize the energy distribu-
tions inside the local regions. In one method we study energy-
energy correlations between pairs of cosmic rays depending
on their angular separation from the center of the region. With
this measurement we search for signal patterns expected from
particle deflection in turbulent magnetic fields. In the second
method we decompose the directional energy distribution of
the cosmic rays along its principal axes. This general decom-
position method imposes no requirement on the sign of the
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cosmic-ray charge, or the charge itself. Beyond measuring the
strength of collimation along principal axes, the axis direc-
tions of the individual regions around the highest-energy cos-
mic rays potentially reveal local deflection patterns due to
magnetic fields.
Both methods were originally studied in particle physics,
and were referred to as energy-energy correlations and thrust
observables, respectively [14,15]. Simulations of their appli-
cation in cosmic-ray physics have demonstrated the capabil-
ity to reveal effects from coherent and turbulent magnetic
fields [16,17].
This paper is structured as follows. The observables of
the energy-energy correlations and the principal-axis analy-
sis are defined in Sect. 2. Their response to structure poten-
tially expected from deflection in magnetic fields is illustrated
using a simplified model in Sect. 3. The measured distribu-
tions of the observables using data of the surface detector
of the Pierre Auger Observatory are presented in Sect. 4. In
Sect. 5, we first analyze the directional characteristics of the
measured principal axes by studying their reproducibility.
We then present a comparison of the measurements with an
astrophysical model of UHECR origin and propagation, and
determine constraints on the source density, and the strength
of cosmic-ray deflection as the two dominant model param-
eters.
2 Definitions
In this section we introduce the main components used for
the measurement. We first define the local regions in which
we analyze the cosmic-ray energies and arrival directions.
We then explain the energy-energy correlation observable
and its angular dependence. Finally, we present the method
of calculating the principal axes of the energy distribution
which results in the three values to characterize the strength
of collimation along each axis, and the directions of the axes
themselves.
2.1 Region of interest
The observables used here are calculated from the events
detected in a bounded region in the sky, here denoted as
‘region of interest’ (ROI). To minimize the statistical penalty
from multiple tries, we do not scan the entire sky but inves-
tigate a limited number of ROIs located around events with
an energy above 60 EeV. This energy cut is motivated by
the limitation of the propagation distance by, e.g., the GZK
effect [18,19] and corresponds to the energy used in the AGN
correlation analysis [8]. The size of the ROIs, i.e. the maxi-
mum angular separation of a UHECR belonging to the ROI
to the center of the ROI, is set to 0.25 rad. To choose these
values we simulated the UHECR propagation in magnetic
fields with the UHECR simulation tool PARSEC [20] for
different strengths of the deflection and source density. The
simulations were analyzed with varying choices of parame-
ters. The chosen values maximize the power of the observ-
ables to discriminate between scenarios with strong deflec-
tions and isotropic scenarios [21,22]. To avoid a possible bias
of the characterization of the ROI, we exclude the cosmic ray
seeding the ROI from the calculation of the observables.
2.2 Energy-energy correlations
Energy-energy correlations (EECs) are used to obtain infor-
mation on the turbulent part of galactic and extragalac-
tic magnetic fields [16]. The concept of the EEC was
originally developed for tests of quantum chromodynamics
(QCD) [14]. The Energy-energy correlation Ωi j is calculated
for every pair of UHECRs i, j within a ROI using
Ωi j = (Ei − 〈E(αi )〉) (E j − 〈E(α j )〉)
Ei E j
. (1)
Here Ei is the energy of the UHECR i with the angular
separation αi to the center of the ROI. 〈Ei (αi )〉 is the average
energy of all UHECRs at the angular separation αi from the
center of the ROI.
The cosmic rays in a ROI can be separated into a sig-
nal fraction, whose arrival direction is correlated with the
energy, and an isotropic background fraction. The values of
Ωi j can be positive or negative depending on the cosmic-ray
pair having energies above or below the average energies. An
angular ordering is measured in the following sense. A pair
of cosmic rays, one being above and the other below the cor-
responding average energy, results in a negative correlation
Ωi j < 0. This is a typical case for a background contribu-
tion. A pair with both cosmic rays having energies above
or below the average energy at their corresponding angular
separation gives a positive correlation Ωi j > 0. Here both
signal and background pairs are expected to contribute. As
the correlations are determined as a function of the opening
angle to the center of the ROI, circular patterns can be found
that are expected from turbulent magnetic deflections which
are sometimes viewed as random-walk propagation.
We present the angular distribution of the EEC as the aver-
age distribution of all ROIs. Each value Ωi j is taken into
account twice, once at the angular separation αi and once at
α j .
2.3 Principal axes
To further characterize energy-dependent patterns within
each individual ROI, we calculate the three principal axes
of the energy distribution which we denote as nk=1,2,3. For
this we successively maximize the quantity
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Tk = max
nk
(∑
i |ω−1i pi · nk |∑
i |ω−1i pi |
)
(2)
with respect to the axes nk starting with k = 1. Here pi is the
cosmic-ray momentum and ωi the corresponding exposure
of the detector [23] in the direction of particle i . The values
of Tk=1,2,3 quantify the strength of the collimation of the
particle momenta along each of the three axes nk=1,2,3 of the
principal system. We denote Tk=1,2,3 as thrust observables
following previous studies of perturbative QCD in particle
collisions [15,24].
For k = 1 the quantity T1 is called the ‘thrust’ and con-
sequently the first axis of the principal system n1 is called
‘thrust axis’. For the second axis the additional condition
n1 ⊥ n2 is used in Eq. (2). The resulting value T2 is denoted
as ‘thrust major’, the axis as ‘thrust-major axis’. Finally, the
third quantity T3 is called ‘thrust minor’ with correspond-
ing ‘thrust-minor axis’. For the thrust-minor axis n3 it is
n1 ⊥ n2 ⊥ n3 which renders the maximization in Eq. (2)
trivial. From this definition follows T1 > T2 > T3.
In arbitrarily defined spherical coordinates (r, φ, θ) with
orthonormal basis (er , eφ, eθ ) and the observer at the center,
the momenta of the particles at the high energies considered
here can be written as pi = |Ei |eri with the energy Ei and
the radial unit vector eri in the arrival direction of particle i .
The thrust axis is thus the radial unit vector er pointing to
the local barycenter of the energy distribution, and the thrust
value is a measure for the energy-weighted strength of clus-
tering of the events. For no dispersion of the particles in the
region it takes on the value T1 = 1, whereas for an isotropic
distribution in a circular region the expectation value of T1
depends dominantly on the size of the ROI [22].
The thrust-major and thrust-minor axes can consequently
be written as
n2 = cos ξ2 eφ + sin ξ2 eθ (3)
n3 = cos ξ3 eφ + sin ξ3 eθ (4)
with the angles ξ2 and ξ3 = 90◦ + ξ2 between the corre-
sponding axes and the vector eφ . Using this together with
Eq. (2), the thrust-major T2 becomes maximal if n2 is aligned
with a linear distribution of UHECR arrival directions. The
thrust-major axis thus points along threadlike structures in the
energy distribution of UHECRs. As the thrust minor axis is
chosen perpendicular to n1 and n2 it has no physical meaning
beyond its connection to the thrust-major axis. However, the
thrust-minor T3 gives meaningful information as it denotes
the collimation strength perpendicular to the thrust-major
axis.
Note that in a perfect isotropic scenario, the energy distri-
bution within the plane defined by n2 and n3 exhibits perfect
symmetry. The values of T2 and T3 are approximately equal,
and the axis directions are accidental. However, even with
a small signal contribution beyond an isotropic background,
the circular symmetry in the (n2,n3) plane is broken giving
rise to unequal values of T2 and T3. In addition, the direc-
tion of the thrust-major axis then reveals valuable directional
information. This directional information can be compared
to the direction of deflection obtained in a multiplet analy-
sis [13]. However, in contrast to the multiplet analysis the
principal axes analysis does not require a uniform charge of
the cosmic rays. Its sensitivity is driven by the total deflection
amount.
3 Benchmark distributions for coherent and turbulent
magnetic fields
For obtaining a general understanding of the energy-energy
correlations and the thrust observables, we use simple sce-
narios of cosmic-ray deflections in magnetic fields to demon-
strate resulting distributions. First we describe the procedure
for simulating mock data representing cosmic-ray deflection
in turbulent and coherent magnetic fields. For different quan-
titative mixtures of these field types we then present the distri-
butions of the energy-energy correlations and finally discuss
the resulting thrust distributions.
3.1 Simulation procedure
To demonstrate the sensitivity of the observables to deflec-
tions expected from magnetic fields, we simulate a ROI with
UHECRs in a simplified scenario. The deflection in cosmic
magnetic fields is supposed to result in two different kinds
of patterns in the arrival direction of the UHECRs. First, if
the UHECR’s trajectory resembles a directed random walk,
a symmetric blurring of the source is expected. Second, if
the particles are deflected in large-scale coherent fields, e.g.
in the Milky Way, an energy ordering of the UHECRs in
threadlike multiplets is expected.
Here we model the distribution of UHECRs in a region
around the source as a superposition of both effects. Events in
this region of interest are generated in three steps as sketched
in Fig. 1. First, the UHECRs are distributed around the center
of the ROI following a Fisher distribution [25] with proba-
bility density
f (α, κ) = κ
4π sinh κ
e(κ cos α) (5)
for angle α between cosmic ray and center of the ROI. The
Fisher distribution can be considered here as the normal dis-
tribution on the sphere. The concentration parameter κ is
chosen with an energy dependence that emulates the deflec-
tion in turbulent magnetic fields as
κ = C−2T E2. (6)
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(c)(b)(a)
Fig. 1 Generation of anisotropically distributed UHECRs in a region
of interest. a First, UHECRs are distributed symmetrically around the
center of the ROI using a Fisher distribution with energy dependent
concentration parameter according to Eq. (6). b The UHECRs are then
deflected in one direction using Eq. (8). c UHECRs deflected outside
of the ROI are moved to a random position inside the region
Fig. 2 Response of the EEC to
typical deflection patterns from
simulations of three different
turbulent deflection strengths
with CT = 0.3 rad EeV (red
squares), CT = 1 rad EeV (blue
upward triangles) and
CT = 3 rad EeV (magenta
downward triangles). The
dashed line marks the isotropic
expectation value according to
Eq. (9); black circles denote the
result from simulation of
isotropically distributed
UHECRs
For small deflections the distribution resembles a Rayleigh
distribution where κ is related to the root-mean-square δRMS
of the deflection angles by κ = δ−2RMS and thus
δRMS  CT
E
. (7)
A value of CT = 1 rad EeV is equivalent to an RMS of the
deflection angle δRMS = 5.7◦ for 10 EeV particles. For exam-
ple, using the usual parametrization for deflections in turbu-
lent magnetic fields [26,27] this corresponds to the expected
deflection of 10 EeV protons from a source at a distance
D ≈ 16 Mpc propagating through a turbulent magnetic field
with coherence length  ≈ 1 Mpc and strength B ≈ 4 nG.
Second, a simple model for the deflection in coherent mag-
netic fields is added on top of the model for turbulent mag-
netic fields used above. Here the individual cosmic rays are
deflected in one direction by an angle α that depends on the
energy of the particles according to
α = CC E−1 (8)
where the parameter CC is used to model the strength of the
coherent deflection. The procedure is illustrated in Fig. 1b.
Third, particles deflected outside the region of interest are
added as a background to keep the number of particles in
this setup constant (cf. Fig. 1c). The energies of all events
are chosen following a broken power law with spectral index
γ1 = −2.7 below 40 EeV and γ2 = −4.2 above 40 EeV to
be comparable with the observed cosmic-ray energy spec-
trum [28].
3.2 Response of the energy-energy correlation
The EEC distributions resulting from simulated scenarios
using the three values for the turbulent deflection strength
CT = 0.3, 1.0, 3.0 rad EeV are shown in Fig. 2. As the EEC is
expected to provide only minor sensitivity to coherent deflec-
tions [16] CC = 0 is used here. For each scenario 50 realiza-
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tions of an ROI with 300 UHECRs have been used, which
is approximately the number of UHECRs in a low-coverage
region of the measurement presented in Sect. 5. All scenarios
are compared with the result for an isotropic distribution of
UHECRs. Without structure in the arrival directions of UHE-
CRs, the EEC distribution is flat with an expectation value
〈
Ωi j
〉 =
〈
(Ei − 〈E〉)
(
E j − 〈E〉
)
Ei E j
〉
=
(
1 − 〈E〉
〈
1
E
〉)2
.
(9)
For a source signal the typical signature is an increase towards
small angles, as can be seen in Fig. 2. With increasing angular
separation the UHECRs average energies decrease, and so
do the differences between the UHECR energies and their
corresponding average [Eq. (1)]. Consequently, the values
of Ωi j can become small in contrast to a scenario where all
UHECR energies contribute at every angular scale. The shape
of the EEC distribution in response to a source signal depends
on the deflection pattern. In general it can be seen that a
small deflection causes an increase only in the innermost
bins, while a larger deflection will smear this signature over
the whole ROI.
3.3 Response of the principal-axes analysis
In Fig. 3a–c the mean and spread of the thrust observables
T1,2,3 of 100 realizations of the ROI at each point in the
explored parameter space are shown. We used CT = 0.1–10
rad EeV, without coherent deflection, and alternatively with
CC = 0.5 rad EeV as well as CC = 1.0 rad EeV.
All three observables are sensitive to a symmetric blur-
ring of the source. For increasing CT the distribution of cos-
(a) (b)
(d)(c)
Fig. 3 Response of the thrust observables to typical deflection pat-
terns. a–c Mean and spread of the observables T1,2,3 as a function
of the strength of the deflection in turbulent magnetic fields CT. Red
circles correspond to no directed deflection, green triangles to CC =
0.5 rad EeV and blue squares to CC = 1.0 rad EeV. The shaded area
corresponds to the 1σ and 2σ expectations of the observables for an
isotropic distribution of cosmic rays. d Circular variance of the thrust-
major axes calculated in the simulations in 100 ROIs. Gray shading
corresponds to the probability density of the expectation value of the
circular variance of uniformly-distributed directions
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mic rays in the ROI becomes isotropic, and the observables
approach the corresponding expectation value. The value of
the thrust major and thrust minor for strong patterns is here
below the expectation for no patterns, as the particles are con-
centrated in the center of the ROI. The thrust minor, Fig. 3c,
does not depend on the strength of coherent deflection, as the
width of the blurring is determined here only by the strength
of CT.
When measuring a thrust-major axis of an individual ROI,
we also want to determine the stability of the axis direction.
As explained in Sect. 2, the thrust major-axis is located in
the plane tangential to a sphere around the observer, and
provides a directional characteristic on the sky. We quantify
the stability of the axis using the circular variance V derived
in the specialized statistics for directional data (e.g. [29,30]).
The direction of the thrust-major axis n2,i in a region of
interest i is defined by the angle θi between the axis and
the local unit vector eφ in spherical coordinates with θi ∈
[0 . . . π).
To calculate the circular variance V from the n obser-
vations θi , first the θi are transformed to angles on the full
circle by θ∗i =  · θi with  = 2 owing to the symmetry of
the thrust-major axis. With
C =
n∑
i=1
cos θ∗i , S =
n∑
i=1
sin θ∗i (10)
the resultant length R is defined as
R =
√
C2 + S2. (11)
Based on the resultant length R in Eq. (11) the circular vari-
ance V of a sample of size n is defined as
V = 1 −
(
R
n
)1/2
. (12)
In contrast to the variance in linear statistics, V is limited
to the interval [0, 1]. The circular variance is a consistent
measure for the concentration of observations on periodic
intervals with V = 0 for data from a single direction and
V = 1 for perfectly dispersed data. Even in the limit n  ∞
a value V < 1 is also expected for non-directed data as
perfect dispersion is unlikely in a random sample.
To demonstrate the strength of correlation of the axes with
the direction of deflection in the simulation we use the cir-
cular variance V among the simulated sample as a measure.
The resulting values for the 100 simulated scenarios at every
point of the aforementioned parameter space are shown in
Fig. 3d. In case of zero coherent deflection, and also in case
of strong blurring of the sources, no stable axis is found.
For small blurring of the sources, the variance between the
directions is zero, if there is coherent deflection.
4 Measurement
For the measurement of the observables we selected events
above 5 EeV recorded with the surface detector of the Pierre
Auger Observatory up to March 19, 2013. We require that
the zenith angle of the events is smaller than 60◦ and that the
detector stations surrounding the station with the highest sig-
nal are active [7]. 30,664 events are included in the analysis;
70 fulfill the conditions E ≥ 60 EeV and are at least 0.25 rad
inside the field of view of the Pierre Auger Observatory and
therefore seed an ROI.
In order to estimate the uncertainty on the measurement,
we repeatedly vary the energy and arrival directions of all
events detected with the Pierre Auger Observatory above
E = 3 EeV and θ < 60◦ within their experimental uncer-
tainties and repeat the calculation of the observables with
the new values. The mean and spread of the resulting distri-
butions then serve as measured observables and their corre-
sponding uncertainty. The energy resolution of the surface
detector is 16 % [31] and the angular resolution of the SD is
better than 1◦ for energies above 5 EeV [32]. The selected
ROIs are kept fixed to the original positions in all repetitions.
Because of the decreasing spectrum, the number of events in
the analysis increases as more events propagate above the
lower energy threshold than vice versa. To keep the number
of events in the uncertainty analysis fixed, the 30,664 events
with the highest energy after variation are selected.
In Fig. 4 the distributions of the measured EEC and
thrust observables are shown together with the distributions
expected from isotropic arrival directions of UHECRs. The
goodness-of-fit of the measurements compared to expected
distributions without structure in the arrival directions of
UHECRs, using a χ2 test, yields p-values which are all
above p = 0.2 except for the thrust minor distribution with
p(T3) = 0.01. Note that the p-value for T3 results from a
lack of signal-like regions in the data which are expected to
broaden the distribution. The measured distributions of all
four observables reveal thus no local patterns in the arrival
directions of UHECRs.
From the principal-axes analysis, a map of the thrust-
major axes is derived which is shown in Fig. 5. If not trivial,
these axes correspond to the direction of preferred cosmic-ray
deflections. This question is further studied in the following
section.
5 Discussion
In this section we first continue with analysing the direc-
tions of the thrust axes shown as a sky map in Fig. 5. The
aim is to search for any individual ROI with signal contri-
butions, e.g. cosmic rays from a point source, by testing the
reproducibility of the axis direction. We will then compare
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(a) (b)
(d)(c)
Fig. 4 Measurement of the a energy-energy correlation Ω and b–d thrust observables T1,2,3 with the Pierre Auger Observatory (red squares and
error bars). The measurements are compared to distributions without structure in the arrival directions of UHECRs (gray distributions)
Fig. 5 Hammer projection of the map of principal axes of the direc-
tional energy distribution in galactic coordinates. The red shaded areas
represent the regions of interest. Black lines denote the second principal
axes (thrust-major axes) n2, black dots mark the positions of the thrust
axes n1. The blue shading indicates the exposure of the Pierre Auger
Observatory; the dashed line marks the extent of its field of view
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the measured distributions of the energy-energy correlations
and the thrust values in Fig. 4 with astrophysical simulations
obtained with the PARSEC Monte Carlo generator. Using
these comparisons, limits on the strength of the deflection of
the UHECRs in extragalactic magnetic fields and the density
of point sources of UHECRs are derived.
5.1 Reproducibility of the axes measurement
We further investigate the directional information shown by
the thrust-major axes of the individual ROIs in Fig. 5. From
the simplified simulations in Sect. 3 we saw that thrust-major
directions are reproducible in repeated experiments for sce-
narios where coherent deflections contribute, and turbulent
deflections are not too large. In additional simulation stud-
ies it was shown that evidence for anisotropy could some-
times be found in reproducibility of axis directions even when
the thrust scalar values were consistent with isotropy [22].
Hence, analysis of the directions of the thrust-major axes
could potentially reveal further information.
As we have obtained a single set of measured UHECR
data at this point in time, we perform here a stability test on
subsets of the data in the following sense. If the measured
thrust-major direction obtained in a single ROI is related
to a deflection pattern reasonably constant in time then the
analysis of subsets of the measured data should also reflect
this pattern. As only a fraction of the ROIs may contain such
a deflection pattern we perform tests of reproducibility on
each ROI individually.
We first define the ROIs as before using all available data.
We then split the dataset into n independent subsamples and
compare the directions n2, j=1 . . . n2, j=n obtained in each
subsample for every individual region of interest. A low vari-
ability of directions in the subsets of the data provides evi-
dence for a non-triviality of the thrust-major axis and conse-
quently for an anisotropic distribution of UHECRs.
The optimal choice for the number of subsamples to split
the data into is not known a priori. On the one hand, a large
number of n maximizes the number of repeated experiments.
On the other hand, as the total number of UHECRs is fixed,
n = 2 maximizes the number of UHECRs in every sub-
sample. We investigated the choice of n using simulations
of the simplified model described in Sect. 3. The test power
to distinguish regions of interest containing 600 anisotrop-
ically distributed UHECRs from regions with isotropically
distributed UHECRs using the circular variance V reaches a
plateau for n  12.
The dependence of the results and their variance with ran-
dom splits of the data set into 12 parts was investigated. The
observed axis directions shown in Fig. 5 were not repro-
ducible in subsets of the data with this analysis. No evidence
for a non-triviality of the axes was thus found.
5.2 Limits on propagation parameters
A prime value of the measurements lies in their ability to
constrain UHECR propagation scenarios. We outline the pro-
cedure to derive limits on scenario parameters using a sim-
ple model for extragalactic propagation of protons based on
parameterizations as implemented in version 1.2 of the PAR-
SEC software [20]. Although this model is likely too coarse
to allow definite conclusions on the sources of UHECRs, it
includes at least qualitatively the effects influencing patterns
in the UHECR distributions. Its fast computability allows a
scan of a large range of parameter combinations in the source
density and the strength of the deflection in the extragalac-
tic magnetic field, thus limiting these important parameters
within this model. The procedure to obtain limits from the
measurements reported in this paper as outlined here can be
applied to any other model.
The PARSEC software simulates ultra-high energy pro-
tons by calculating the probability-density function (pdf)
to observe a cosmic ray for discrete directions and ener-
gies using parameterizations for energy losses and energy-
dependent deflections. In the calculations, energy losses
of the UHECRs from interaction with extragalactic-photon
backgrounds, effects from the expansion of the universe and
deflection in extragalactic magnetic fields are accounted for
using parameterizations. To account for deflections in the
galactic magnetic field, the calculated pdf is transformed
using matrices derived from backtracked UHECRs using the
CRT software [33].
As model for the galactic magnetic field, we use here
the model proposed by Jansson and Farrar [34,35]. For the
random field we assume Kolmogorov turbulences with a
coherence length Lc = 60 pc and a maximum wavelength
Lmax  260 pc. We use only one realization of the random
component of the model in all simulations. The directions in
the simulations are discretized into 49,152 equal-area pix-
els following the HEALPix layout [36]. The energy is dis-
cretized into 100 log-linear spaced bins ranging from 1018.5
to 1020.5 eV. Both choices result in angular and energy bins
smaller than the corresponding measurement errors.
We simulated scenarios with unstructured point sources
with density ρ and strength of the deflection of the cosmic
rays
CT = CE
√
D (13)
with distance D of the source. We scanned the parameter
range CE = 2 − 200◦Mpc−1/2Eev and source densities up
to ρ = 1 × 10−3 Mpc−3. We considered contributions from
sources up to a distance Dmax = 2 Gpc. At every point of
the parameter space we simulated sets of 200 pseudo experi-
ments with the same number of events as in the measurement
presented in Sect. 4.
123
Eur. Phys. J. C (2015) 75 :269 Page 9 of 15 269
Since the sources of the UHECRs are randomly distributed
and have a maximum injection energy Emax = 1000 EeV,
some realizations do not include sources within 43 Mpc, the
maximum propagation distance of the most energetic particle
in this analysis. Due to the continuous energy loss approxima-
tion the maximum distance is here a hard limit and these sim-
ulations cannot reproduce the observed energies. To restrict
the reported limits to information from the observables such
scenarios are not used here. Note that within such a scenario,
the necessity of a close source could be used as an addi-
tional constraint. The probability of including at least one
source in a pdf set can be calculated analytically (e.g. [37])
and is higher than 96 % for source densities greater than
ρ = 1 × 10−5 Mpc−3. Using this argument alone, source
densities with ρ < 1×10−7 Mpc−3 may be disfavored. How-
ever, the inclusion of this argument only marginally modifies
the reported limits.
Limits on the strength of the deflection and the density
of point sources in the simulation are set using the CLS
method [38,39]. Here,
Q = −2 log LaL0 (14)
is the ratio of the likelihood L0 of the data given isotropically
distributed UHECRs, and the likelihood La of the data given
the alternative hypothesis simulated with PARSEC. In the
CLS method, not Q directly, but the modified likelihood
ratio
CLS = Pa(Q ≥ Qobs)
1 − P0(Q ≤ Qobs) (15)
is used as test statistic. Here Pa(Q ≥ Qobs) is the frequency
with which likelihood ratios Q larger than the observed value
are obtained in simulations of the alternative hypothesis and
1 − P0(Q ≤ Qobs) the corresponding frequency in simula-
tions of the null hypothesis. Points in parameter space with
CLS < 0.05 are excluded at the 95 % confidence level. The
resulting limits are shown in Fig. 6 for the individual observ-
ables.
(a) (b)
(d)(c)
Fig. 6 95 % CLS limits on the strength of the deflection of cosmic-ray
protons CE [cf. Eqs. (13) and (6) ff.] and density of point sources ρ in
simulations using the PARSEC software [20] from the analysis of the a
energy-energy correlations, b thrust, c thrust-major and d thrust-minor
distributions. The gray areas are excluded by the measurements
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A combination of the limits is not attempted here as
it depends on scenario-specific correlations between the
observables. If the cosmic rays are not protons but heav-
ier nuclei the limits are reduced accordingly. For the extreme
case that all cosmic rays are iron nuclei with Z = 26 the limits
shift down by more than one order of magnitude. For the pro-
ton case shown in Fig. 6 the extragalactic deflection of cosmic
rays needs to be larger than CE = 10 − 120◦Mpc−1/2Eev
for source densities smaller than 10−3 Mpc−3 and assuming
deflections in the galactic magnetic field as expected from
the Jansson–Farrar 2012 model with a coherence length set
to Lc = 60 pc. The exact value depends on the source density.
Without galactic random field the limits are only marginally
more constraining, choosing a higher coherence length low-
ers the limits according to the stronger deflections.
Previously, we derived from two-point correlations of
UHECRs with an energy E > 60 EeV lower bounds on
the density of uniformly distributed sources of, e.g., 2 ×
10−4 Mpc−3 if the deflection of cosmic rays above 60 EeV
is 5◦ [12]. Only the total deflection due to the EGMF and
GMF was taken into account, and no explicit model for the
Galactic magnetic field was used. An approximate compari-
son with the current analysis can be performed assuming the
average deflections in the EGMF and GMF add up linearly.
The average deflection of 60 EeV cosmic rays in the JF2012
field accounts to 5◦. The above density therefore gives a lower
limit for negligible deflections in the EGMF.
With the current analysis we obtain for the lowest EGMF
considered a limit of 9×10−4 Mpc−3 from an analysis of the
Thrust Minor. We therefore extend the lower bound on the
density of uniformly distributed sources by a factor of more
than four in the case of small extragalactic deflections.
6 Conclusions
In this work, we characterized the distribution of UHECRs
with E > 5 EeV in regions of 0.25 rad around events with
E > 60 EeV using observables sensitive to patterns char-
acteristic for deflections in cosmic magnetic fields. No such
patterns have been found within this analysis. We demon-
strated the usage of this non-observation to constrain propa-
gation scenarios using a scenario based on parametrizations
for the propagation of UHECR protons as an example.
Within the simulated scenario, we estimate that the
strength of the deflection in the extragalactic magnetic field
has to be larger than CE = 10 − 120◦Mpc−1/2EeV for
source densities smaller than 10−3 Mpc−3 assuming pro-
tons and deflections expected from the Jansson–Farrar 2012
model for the galactic magnetic field. For protons with an
energy E = 10 EeV from a source at 16 Mpc this trans-
lates to a required strength of the deflection in extragalac-
tic space of more than 4◦ if the source density is smaller
than 10−3 Mpc−3 and more than 25◦ if the source density is
smaller than 10−4 Mpc−3.
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